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Abstract 



(-H ' Let q{x) be real-valued compactly supported sufficiently smooth func- 

O ' tion. It is proved that the scattering data A{—/3,l3,k) \/l3 G S^ , Vfc > 0, 
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^ '. 1 Introduction 

00 : 

The scattering solution u{x, a, k) solves the scattering problem: 
(SJ ■ [V^ + fc^ - q{x)\u = m R^, (1) 

O' u = e'^°'-'' +A{P,a,k)—+o(-\, r ■.^\x\ -^ oo, P :=-. (2) 

o ; ^ ^^^ ^ 

Here a,/3 € S"^ are the unit vectors, S'^ is the unit sphere, the coefficient 
^(/3, a, k) is called the scattering amplitude, q{x) is a real-valued compactly sup- 
ported sufficiently smooth function. The inverse scattering problem of interest 
, is to determine q{x) given the backscattering data A(— /3, /3, k) V/3 G 5'^, V/c > 0. 

j^ ' This problem is called the inverse scattering problem with backscattering data. 

The function ^(— /3,/3, fc) depends on one unit vector /3 and on the scalar 
fc, i.e., on three variables. The potential q{x) depends also on three variables 
a; € M'^. This inverse problem is, therefore, not over-determined in the sense that 
the data and the unknown q(x) are functions of the same number of variables. 

Assumption A): 

We assume that q is compactly supported, i.e., q{x) — for \x\ > a, where 
a > is an arbitrary large fixed number; q{x) is real-valued, i.e., q — q; and 
q{x) G H^iBa), e > 3. 

Here Ba is the ball centered at the origin and of radius a, and 7?Q(i?a) is the 
closure of C^{Ba) in the norm of the Sobolev space H^{Ba) of functions whose 
derivatives up to the order i belong to L?[Ba). 



It was proved in [S] that ii q = q and q G L'^{Ba) is compactly supported, 
then the resolvent kernel G{x, y, k) of the Schrodinger operator — V^+g(a;) — fc^ is 
a meromorphic function of k on the whole complex plane fc, analytic in Im/c > 0, 
except, possibly, of a finitely many simple poles at the points ikj, kj > 0, 1 < 
j < n, where —k'j are negative eigenvalues of the selfadjoint operator —\/'^ + q{x) 
in L'^{R^). Consequently, the scattering amplitude A(/3, a, fc), corresponding to 
the above g, is a restriction to the positive semiaxis fc G [0, oo) of a meromorphic 
on the whole complex /c-plane function. 

It was proved by the author ([HI), that the fixed-energy scattering data 
A{13, a) := A{(3, a, fco), fco = const > 0, V/3 € Sf, Va € 5*1, determine real-valued 
compactly supported q S L^{Ba) uniquely. Here S*? j — 1,2, are arbitrary small 
open subsets of S^ (solid angles) . 

In [9] (see also monograph [10], Chapter 5, and [7]) an analytical formula is 
derived for the reconstruction of the potential q from exact fixed-energy scat- 
tering data, and from noisy fixed-energy scattering data, and stability estimates 
and error estimates for the reconstruction method are obtained. To the author's 
knowledge, these are the only known until now theoretical error estimates for 
the recovery of the potential from noisy fixed-energy scattering data in the 
three-dimensional inverse scattering problem. 

In [8] stability results are obtained for the inverse scattering problem for 
obstacles. 

The scattering data A{l3,a) depend on four variables (two unit vectors), 
while the unknown q{x) depends on three variables. In this sense the inverse 
scattering problem, which consists of finding q from the fixed-energy scattering 
data A{P,a), is overdetermined. 

Historical remark. In the beginning of the forties of the last century physi- 
cists raised the the following question: is it possible to recover the Hamilto- 
nian of a quantum-mechanical system from the observed quantities, such as 
iS-matrix? In the non-relativistic quantum mechanics the simplest Hamiltonian 
H = — V^ -|- q{x) can be uniquely determined if one knows the potential q{x). 
The S'-matrix in this case is in one-to-one correspondence with the scattering 
amplitude A: S — I ~ "^A, where / is the identity operator in L^{S'^), A is 
an integral operator in L'^(S'^) with the kernel A{f3, a, k), and fc^ > is energy. 
Therefore, the question, raised by the physicists, is reduced to an inverse scat- 
tering problem: can one determine the potential q{x) from the knowledge of the 
scattering amplitude. We have briefiy discussed this problem above. 

Since the above question was raised, there were no uniqueness theorems for 
three-dimensional inverse scattering problems with non-overdetermined data. 
The goal of this paper is to prove such a theorem. 

Theorem 1.1 // Assumption A) holds, then the data A{—/3,/3,k) \/f3 E S"^ , 
Vfc > 0, determine q uniquely. 

Remark 1. The conclusion of Theorem ll . ll remains valid if the data A(— /3, /3, k) 
are known V/3 G S^ and k e (fco, fci), where (fcg, fci) C [0, oo) is an arbitrary small 
interval, fci > fco, and S^ is an arbitrary small open subset of S^. 



In Section 2 we formulate some known auxiliary results. 

In Section 3 proof of Theorem 11.11 is given. 

In the Appendix a technical estimate is proved. 

A brief announcement of the result is given in [3]. Altough we follow the 
outline of the ideas from [3] , the current paper is essentially self-contained and 
contains new arguments. 

2 Auxiliary results 

Let 

F{g) := m) - / ff(x)e*«-dx, g{x) = -^ f e-^^'^mdC (3) 
If / * ff — /r3 fix - y)g{y)dy, then 

F{f*9)^h0m). F{f{x)g{x))^j^f*~g. (4) 



If 



then 



^ik[\x-y\-P-(x-y)] 



^(^-^'^)^= A^\x-y\ ' ^^) 



1 



nCixM-^T^^^^. e:=C-C. (6) 

The scattering solution u = u{x, a, k) solves (uniquely) the integral equation 

u{x,a,k)^e'''°'-'= - g{x,y,k)q{y)u{y,a,k)dy, (7) 



•'Ba 

where 

^ik\x-y\ 

g{x,y,k) := —- r. (8) 

AttIx ~ y\ 

If 

v = e"'"'-'=u{x,a,k), (9) 

then 

v = l- G{x-y,k)q{y)v{y,a,k)dy, (10) 

J Be 

where G is defined in ([5]). 
Define e by the formula 

v^l + e. (11) 

Then (ITUl) can be rewritten as 

e{x,a,k)^- G{x~y,k)q{y)dy-Te, (12) 



where 

Te:= I G{x-y,k)q{y)e{y,a,k)dy. 



'Ba, 

Fourier transform of p^ yields (see (H]),®): 

An essential ingredient of our proof in Section 3 is the following lemma, proved 
by the author in |TU], p. 262, and in 9 . For convenience of the reader a short 
proof of this lemma is given in Appendix. 

Lemma 2.1 If Aj{f5, a, k) is the scattering amplitude corresponding to potential 
Qj, j — 1, 2, then 

- 47r[Ai(^,a, fc) - A2(/3,a,fc)] = / [qi{x) - q2{x)]ui{x,a,k)u2{x,-l3,k)dx, 

JBi 

(14) 
where Uj is the scattering solution corresponding to qj . 

Consider an algebraic variety M in C'^ defined by the equation 

M:={e-9 = l, e-e:=9l+9j+9l 61^ G C, 1 < j < 3.} (15) 

This is a non-compact variety, intersecting K^ over the unit sphere 5*^. 
Let i?+ = [0, oo). The following result is proved in [TTl, p. 62. 

Lemma 2.2 If Assumption A) holds, then the scattering amplitude A{p,a,k) 
is a restriction to 5^ x 5^ x _R_|_ of a function A{9' , 9,k) on Aix AixC, analytic 
on Ai X A4 and meromorphic on C, 9' , 9 G M, fc G C. 

The scattering solution u{x, a, k) is a meromorphic function of k in C, analytic 
in Imfe > 0, except, possibly, at the points k ~ ikj, 1 < j < n, kj > 0, where 
— fc^ are negative eigenvalues of the selfadjoint Schrodinger operator, defined 
by the potential q in L^(R'^). These eigenvalues can be absent, for example, if 
g> 0. 

We need the notion of the Radon transform: 



/(/3, A) := / f{x)da, (16) 

Jt3-x=\ 

where da is the element of the area of the plane (3 ■ x — X, /3g 5^, A is a real 
number. The following properties of the Radon transfor will be used: 



f{x)dx = / /(/3, A)dA, (17) 

J —a 

e'''^-^f{x)dx^ f e'^^f{l3,\)d\, (18) 



Ba 



/(/3,A) = /(-/3,-A). (19) 

These properties are proved, e.g., in [T^], pp. 12, 15. We also need the fohowing 
Phragmen-Lindelof lemma, which is proved in [Tl, p. 69, and in [5]. 

Lemma 2.3 Let f{z) be holomorphic inside an angle A of opening < n; \f{z)\ < 
Cie"^^!^!, z E A, Ci,C2 > are constants; \f{z)\ < M on the boundary of A; 
and f is continuous up to the boundary of A. Then \f{z)\ < M, Vz G A. 

3 Proof of Theorem 11.11 

The scattering data in Remark 1 determine uniquely the scattering data in 

Theorem 1 1.1 1 bv Lemma [521 

Let us outline the ideas of the proof of Theorem \1.1\ 

Assume that potentials qj, j — 1,2, generate the same scattering data: 

Ai(-/3,/3,fc) = A2(-/3,/3,fc) V/3e5^ Vfc>0, 

and let 

p{x) ■.= qi{x) -q2{x). 

Then by Lemma [131 see equation (|14l) . one gets 

0=/ p{x)ui{x,j3,k)u2{x,fi,k)dx, V^ G 5*2, Vfc > 0. (20) 

By © and (|TT1) one can rewrite ((201) as 

^2zk(i-x^^ + e(x, k)]p{x)dx = V/3 G 5^ Vfc > 0, (21) 

where 

e(x, k) := e := ei(x, k) + £2(2^, k) + ei(a;, fc)e2(x, k). 

By Lemma [2.21 the relations (|5(I| and (|5l]) hold for complex fc, 

^^K — z?7^ K + iT]^2ikj, ?7 > 0. (22) 

Using formulas ©-(HI), one derives from (|211) the relation 

p((K + i7,)/3) + -i-^(e*p)((K + ir,)/3)=0 V/3 e 5^^ Vac e M, (23) 

where the notation (/ * g){z) means that the convolution / * g is calculated at 
the argument z = [k + iifjP. 
One has 

sup |e*p| :— sup | / e{{K + iri)(3 ~ s)p[s)ds\ <i^{K,r]) sup |p(s)|, (24) 

0GS2 /3GS2 JR3 sgR3 



where 



iy{K,ri) := sup / \i{{K + iri)(5 — s)\ds. 



We prove that if 77 = rj{K) = 0(ln k) is suitably chosen, namely as in (|29p below, 
then the following inequality holds: 

< j/(k, ?;(«:))< 1, K -^ 00. (25) 

We also proves that 

sup \p{{k + iri{K))l3)\ > sup \p{s)\, k — ;► 00, (26) 

and then it follows from ((23|) - (l26t that p{s) — 0, so p{x) = 0, and Theorem ll.il 
is proved. Indeed, it follows from (^5)1 and (^5)) that, for sufficiently large k and 
a suitable ri{k) = 0(ln/i;), one has 

sup \p{s)\ < -7^-r^iy{K,Tj{K)) sup \p{s)\. 

If ((25|) holds, then the above equation implies that p = 0. This and the injec- 
tivity of the Fourier transform imply that p = 0. 

This completes the outline of the proof of Theorem \1.1\ 

Let us now give a detailed proof of estimates ((25|) and (|26|) , that completes 
the proof of Theorem 1.1. 

We assume that p{x) ^ 0, because otherwise there is nothing to prove. Let 

max|p(s)| -.^V ^0. 

seR3 

Lemma 3.1 If Assumption A) holds and V ^ 0, then 

lim sup max \p{{k + ivi)l3) | = cx), (27) 

77—^00 p^s^ 

where k > is arbitrary but fixed. For any k > there is an rj = ti{i^), such 
that 

niax|p((K + 777(«:))/3)|=P, (28) 

where the number V := maXsgR3 |p(s)|, and 

77(k) = a"MnK + 0(l) as k ^ +00. (29) 

Proof of Lemma \3.1\ By formula p^ one gets 

piiK + irj)(3)^ f p(x)e*('"+"')^-^da; = /" e'^'^-^'^piP, \)d\. (30) 

■Jb^ J-a 

The function p(/3. A) is compactly supported, real- valued, and satisfies relation 
p^ . Therefore 

max \p{{k + ir]iK))l3)\ = max \p{{k - iTj{K,))(3)\. (31) 



Indeed, 



max |)5((k + iri(K))B)\ = max 



max 



^inX~ri\ 



p{p,X)dX 



m.ax 



m.ax 






(32) 



^-iKfj.+rip, 



p{P',fi)dfi 



= max |i5((K — in)/3)|. 
At the last step we took into account that p{f3, A) is a real-valued function, so 



max 



e-'-f'+vt^p(l3^^)dn 



max 



e«P+Wp(^^ ^)d/i 



max |i5((k — i'n)B)\. 

/3GS2 ' " 



If ^(x) ^ 0, then ([5n| and pip imply (P?]). as follows from Lemma 
give a detailed proof of this statement. 

Consider the function h of the complex variable z :— k + irj : 

h:=h{z,(3) := / e'^^piP, X)d\. 

J —a 

If dSll) is false, then 

\h{z,P)\<c yz = K + iTj, 77 >0, V/3e5^ 



(33) 



Let us 



(34) 



(35) 



where k > is an arbitrary fixed number and the constant c > does not 
depend on /3 and 77. 

Thus, \h\ is bounded on the ray {k = 0, 77 > 0}, which is part of the boundary 
of the right angle A, and the other part of its boundary is the ray {k > 0, 77 = 0}. 
Let us check that |ft.| is bounded on this ray also. 

One has 



\h{K,P)\^ 



^ikA -/ 



Pil3,\)d\\< / |p(/3,A)|dA<c, 



(36) 



where c stands in this paper for various constants. From ([55)) - ([55)) it follows that 
on the boundary of the right angle A, namely, on the two rays {k > 0,77 = 0} 
and {/v = 0, 7; > 0} the entire function h{z, /3) of the complex variable z is 
bounded, |/i(z,/3)| < c, and inside A this function satisfies the estimate 



\h{z, /3)| < e^l"! / \p{^, X)\dX < ce"!"!. 



(37) 



where c does not depend on /3. Therefore, by Lemma [2.31 |ft-(z,/3)| < c m the 
whole angle A. 

By (1311) the same argument is applicable to the remaining three right angles, 
the union of which is the whole complex z— plane C Therefore 



sup \h{z,l3)\ < c. 

zeC,/3«ES2 

This implies by the Liouville theorem that h{z,(3) — c\/z G C 
Since p{f3,X) e L^{—a,a), the relation 



e''^p{l3,X)dX = c Vze 



(38) 



(39) 



and the Riemann-Lebesgue lemma imply that c = 0, so p{(3, A) = V/3 G S^ 
and VA € M. Therefore p{x) — 0, contrary to our assumption. Consequently, 
relation (|27p is proved. 

Relation (P5| follows from (P7|) because for large 77 the left-hand side of (|28p 
is larger than V due to (P7|) . while for 77 = the left-hand side of (P5|) is not 
larger than T' by the definition of the Fourier transform. 

Let us derive estimate (1^^ . 

From the assumption p{x) G H^{Ba) it follows that 



|p((K + ir/)/3)| <c 



cO.\V\ 



(1 



^2)£/2 



(40) 



This inequality is proved in Lemma 3.2, below. 

The right-hand side of this inequality is of the order 0(1) as k — > 00 if 
\r]\ ~ a^^lnK + 0(l) as k — > cx). This proves relation ([29]) and we specify 
O(lnK) as in this relation. 

Let us now prove inequality (j40| . 



Lemma 3.2 If p G HQ{Ba) then estimate (PU| holds. 
Proof. Consider djV := tt^. One has 

"'-Ba 

The left-hand side of the above formula admits the following estimate 



(41) 



djpe''^^+''^^P-'=dx 



< ce^™ 



where the constant c > is proportional to 119^^11^2/^^). Therefore, 

\p{{k + nj)l3)\ < c[l + {k^ + r;2)]-i/2ga|^|_ 
Repeating this argument one gets estimate (|40l) . Lemma 3.2 is proved. 



(42) 

D 



Estimate (|^^ implies that if relation (P^ holds and k — ?► oo, then the quantity 

sup^g52 |p((k + ir])f3)\ remains bounded as k — > cx). 

If T] is fixed and k — > oo, then sup^gg2 \p{{k + ir/)l3)\ ^- by the Riemann- 

Lebesgue lemma. This, the continuity of \p((k + ir?)/3)| with respect to 77, and 

relation (l?7|) . imply the existence of 77 = tj^k), such that equality (^5)) holds, 

and, consequently, inequality (1^ holds. This 77(k;) satisfies ([^ because P is 

bounded. 

Lemma 3.1 is proved D 

To complete the proof of Theorem 1.1 one has to establish estimate (P5|) . 

This estimate will be established if one proves the following relation: 

lim j^(k) :— lim !^(k,?7(k)) =0, (43) 

where ry(K) satisfies (P^ and 

v{K.,ri) — sup / \e{{K + irj)j3 ~ s)\ds. (44) 

Our argument is valid for ei, €2 and £162, so we will use the letter e and 
equation (IT3l) for e. 

Below we denote 2fc := k + ir] and we choose 77 — ri{K) = a^^ hin + 0{1) as 
K — >■ 00. 

We prove that equation ([T^ can be solved by iterations if Imyy > and | k+iri\ 
is sufficiently large, because for such k + irj the operator T^ has small norm in 
C{Ba), the space of functions, continuous in the ball Ba, with the sup-norm. 
Since equation ([T2|) can be solved by iterations and the norm of T^ is small, the 
main term in the series, representing its solution, as |k + iy^j — > 00, 77 > 0, is the 
free term of the equation ([T2|) . The same is true for the Fourier transform of 
equation p^ . i.e., for equation (|13l) . Therefore the main term of the solution e 
to equation (TTSt as \k + iri\ -^ 00, ry > 0, is obtained by using the estimate of 
the free term of this equation. Thus, it is sufficient to check estimate (|43)) for 
the function :^(k, r]{K)) using in place of e the function q{£,){£,'^ — 2k(3 ■ £,)~^, with 
2k replaced hy k + ir] and rj — a^^lnK + 0(1) as k — >■ 00. 

For the above claim that equation P^ has the operator 



Te=/ G{x~y,k)q{y)e{y,P,k)dy, 

JBa 

with the norm ||T^|| in the space C{Ba), which tends to zero as \k + ir]\ — >■ 00, 
77 > 0, see Appendix. 

Thus, let us estimate the modulus of the factor iy{K, rf) in (|24p with 77 = ?](«) 
as in ([2^)1 . Using inequality PO]) . and denoting i = {k, + iri)f3, where (3 £ S'^ 



plays the role of a in P^ . one obtains: 

|(j((k + iri)P — s)\ds 



/3GS2 Jr3 \[{k + iT])/3 ~ sf - (k + iT])/3 ■ {{k + iT])/3 - s) 
< ce'^M 3UP f ^f (45) 

:=ce"l''lj. 

Let us prove that 

J = o( — ), K — > oo. 

If this estimate is proved and 77 = a~^ InK + 0(1), then / = o(l) as k — t' 00, 
therefore relation (|^51) follows, and Theorem 1.1 is proved. 

Let us write the integral J in the spherical coordinates with xs-axis directed 
along vector (3. We have 

|s| = r, 13 ■ s ^ rcos0 := rt, — 1 < t < 1. 

Denote 

2 , 2 
7 := K +7] . 

Then 

'•'^ dt 



J < 27r / drr 



(46) 



[{r - Kt)2 + 772t2] 1/2(1 + 7 + r2 - 2rKt)V2 
/•oo 

:= 2tt / drrB{r), 
Jo 

where 

i? := B(r) = B(r, k, 77) := j^^ [(^ _ «i)2 + ^2^2] 1/2(1 + 7 + r2 - 2rKi)^/2 " 
Estimate of J we start with the observation 

T := min [(r — Kt) + rj t ] = min{r rj /7, (r — k) + 77 }. 

Let r = r'^jf' 1^, which is always the case if r is sufficiently small. In the case 
when T = (r — k)2 + 7^2 the proof is considerably simpler and is left for the 
reader. If r = r'^rf' /^, then 

/•oo /•! 

J < 2TTj^/^'q-^ dr di[l+7 + r2-2Krt]~^/2. 



Jo J-l 

Integrating over t yields 

10 



where 



J ■■= drr-^ [(1 + 7 + r^ - 2Kr)-'' - (1 + 7 + r^ + 2Kr)-\ 

Jo 

and h := £/2 - 1. 

Since ?/ — O(lnK), one has - — o(l) as k — > 00. Therefore, 

^ ' rj^ kT = 0{ri^ ) as K -^ cxi. 

Since £ > 3, one has b > ^, and, as we prove below, 

J = o(-) as K -> 00. (47) 

This relation implies the desired inequality: 

J < o{-) as K^oo. (48) 

Let us derive relation (|47p . One has 

/•l /'OO 

J= + := Ji + J2, 

/■\ _i (w2+2rK + r2)''-(w2-2rK + r2)'' 
^"io (u;2+2rK + r2)''(w2-2rK + r2)6 ' 

where 

w^ := 1+7 = 1 + 7;^ +^2. 

Furthermore, 

46rK 



(w^ + 2rK + r^)*" - (u;2 - 2rK + r^)^ < 



(w^ — 2rK + r^)! '' 
Thus, 

Ji < 46k / dr- 



/o (w^ -f- 2rK + r2)''(it;2 _ 2rK + r^) 
This implies the following estimate 

because w = /s:[l + o(l)] as k — > oo. Furthermore, 

/OO 
drr-i[(l + 77^ + (r - k)^)-'' - (1 + 77^ + (r + k)^)-''] := J^, - J^. 

One has J22 < J2i- 



11 



Let us estimate J21. One obtains 




/'K./2 /"OO 




J2i^ + := ji +i2, 

Jl Jk/2 




and 

71 < ^lnK = o(-), W^2:=l + ?^^ 


^>\ 


2 p dr ^ 2 r°° dy 


-4^ 


^'^ ^ J./2 [W^ + ir- '^n " ^ J-00 [w^ + y']' 



Thus, if 6 > i, then J2 = o(i) and J^ = J^ + J2 = o(i). Thus, relation (gT]) is 
proved. 

Relation (|T7)) yields the desired estimate 

. = o(i). 

Thus, both estimates (|T7l) and (|i51) are proved. 

Note that the desired relation J — o{-) could have been obtained even by 
replacing W^ by the smaller quantity 1 in the above argument. 

Estimate (|45p implies 

I < ce°l''lo ( , ^ I , K->cx), T; = a-MnK + 0(l). (49) 

The quantity rj = r/(fc) = a^^ In k + 0(1) was chosen so that if k — > 00, then the 
quantity J' remains bounded as k — > cx). Therefore esimate (|49p implies 



y^K^+j) 



Consequently, estimate (|43| holds. 

Theorem 1 1.1 1 is proved. D 



lim / = 0. (50) 

/*— ^oo,?7— a ^ In k+0(1) 



APPENDIX 

i. Estimate of the norm of the operator T^ . 
Let 



Tf ■■= G{x~y,K + ir])q{y)f{y)dy. (51) 



'Ba 



Assume q G H^lBa), i > 2, f £ C{Ba). Our goal is to prove that equation ([T 
can be solved by iterations for all sufficiently large k. 
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Consider T as an operator in C{Ba)- One has: 
T^/= / dzG{x- z,n + iT])q{z) / G{z - y, k + ir])q{y)f{y)dy 



dyf{y)q{y) / dzq{z)G{x - z,k + iri)G{z -y,K + irj). 



Let us estimate the integral 



I{x,y) : = / G{x — z,K + iri)G{z — y,K + iri)q{z)dz 
J B^ 

^i{K+iri)[\x-z\-l3-(x-z)+\z-y\-(i-(z-y)] 

TrT\ n \ q{z)dz 

I Ba loTT^Ia; — z\\z — y\ 

Tn / \ M \ q{z)dz 

^^ JBa \x-z\\z-y\ 

y-i(K+iri)fi-{x-y) 

'- 2 h{x,y). 



(52) 



(53) 



167r^ 
Let us use the following coordinates (see [TT], p. 391): 

z,^£st+^^±y^, Z2 - eVis' - 1)(1 - t") COS ij; + ^^±^, (54) 

2^3 + y3 



Z3 = V(s' - 1)(1 - t^) sinV- + ^^. (55) 

The Jacobian J of the ransforniation {zi,Z2,Z3) -^ {£,t,^) is 

J = f{s^ - f), (56) 

where 

^=^^, \x-z\ + \z-y\ = 2£s, \x-z\-\z~y\^2£t, (57) 

\x-z\\z-y\^Af{s^-t^), 0<V<27r, t G [-1, 1], s G [1, oo). (58) 
One has 

/•CO 

/i = ^ / e^'^^+"i^'^''Q{s)ds, (59) 

where 

Q{s):=Q{sJ,^)= j\^: j dtqiz{.s,t,i;;£,^)), (60) 

and the function Q{s) e i^Q (R"^) for any fixed x, y. Therefore, an integration by 
parts in (f59|) yields the following estimate: 

l^il = ^f^^)' \^ + ^v\^^- (61) 
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From dni]), dnSl) and dH]) one gets: 



llT2||=0f— j, ^-.^K^+if-^^. (62) 

Therefore, integral equation ([T^ . with k replaced by "'^'"' , can be solved by 
iterations if 7 is sufficiently large and rj > Q. Consequently, integral equation 
(fT3|) can be solved by iterations. Thus, estimate (j43| holds if such an estimate 



holds for the free term in equation ()13p . that is, for the function jizinrj-fTgTc ^ 
namely, if estimate (f50| holds. 



2. Proof of Lemma 2.1. 

Let LjGj ~ [V^ + fc^ - qj{x)]Gj{x,y,k) = -5{x - y) in M-\ j = 1,2. 
Applying Green's formula one gets 

Gi{x,y,k)- G2{x,y,k) ^ I [q2{z) - qi{z)]Gi{x,z,k)G2{z,y.k)dz. (63) 

JBa 

In |llj . p. 46, the following formula is proved: 

Qik\y\ I y 

Gj{x,y,k) = ——-Uj{x,a,k)+o{ — ), ly] -> oo,a := - — , (64) 

47r|y| \y\ \y\ 

where Uj{x,a,k) is the scattering solution, j = 1,2. Applying formula (j64p to 
(p5|) . one obtains 

ui(x, a, fc) — 'U2(a;, a, fc) = / [52(2) — 9i(2:)]G'i(a;, z, fc)M2(^,Q;, fc)ciz (65) 

using the definition ^ of the scattering amplitude A{/3, a, k), one derives from 
(p5|) the relation 

47r[Ai(/3, a, fc)-A2(/3,a, fc)] = / [gr2(z)-5i(2;)]ui(z, -/3, fc)u2(z, a, fc)dz. (66) 

This formula is equivalent to ()14p because of the well-known reciprocity relation 
A{l3,a,k) =A{-a,-l3,k). 

Lemma 2.1 is proved. D 
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